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THE SPECTRA AND COMMUTANTS OF SOME WEIGHTED
COMPOSITION OPERATORS

JAMES W. CARLSON

ABSTRACT. An operator T, on a Hilbert space H of functions on a set X
defined by Tug(f) =u(fog),where f isin H, u: X -C and g: X - X,
is called a weighted composition operator. In this paper X is the set of integers
and H = L%(Z, ), where u is a measure whose sigma-algebra is the power set
of Z . One distinguished space is {2 = L(Z, u) , where u is counting measure.
The most important results given here are the determination of the spectrum
of Tyg on [? and a characterization of the commutant of Tg on LY(Z,p).
To obtain many of the results it was necessary to assume the function g to be
one-to-one except on a finite subset of the integers.

INTRODUCTION

If H is a Hilbert space of complex valued functions on a set X , an operator
A on H is called a composition operator if there is a function g: X — X such
that Af = fog forall f in H. Composition operators that may be found
in the literature are substitution operators, translation operators, and pointwise
induced operators. Unilateral shifts, bilateral shifts, and translation on spaces
LZ(G) , where G is a topological group, are examples of composition operators
that have been studied extensively. An operator 7 on H is called a weighted
composition operator if there is a complex valued function ¥ on X and a
function g: X — X suchthat Tf = (u)(fog) forall f in H. Weighted shifts
on /* are examples of well-studied weighted composition operators (see Shields
[25]). S. K. Parrott, in his thesis [22], studied multiplication by a function
u on H= Lz(X ,v) and composition with an invertible measure preserving
transformation g of H = LZ(X ,U), where v is a sigma-finite measure. In
his paper [21], E. Nordgren summarized known information about composition
operators on L? and H® spaces. An extensive reference list is also included in
Nordgren’s paper. After the appearance of Nordgren’s paper other authors, such
as Kumar, Singh, and Whitley, presented results about composition operators
on L? and other authors, such as Cowen, Kamowtiz, Kumar, and Marshall
presented results about composition operators on H 2
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The definition of weighted composition operator given above is too general
to hope to obtain many results. In the present work, study has been restricted to
the case when X is the set of integers and H = I? is viewed as a Hilbert space of
functions on the integers. A few papers that have appeared concerning weighted
composition operators in this setting are those of Gupta, Kumar, and Singh
[10], Komal and Singh [14], and Singh [28]. Gupta, Kumar, and Singh [10]
discuss quasinormal composition operators on a weighted space lj where the
weights are square summable; Komal and Singh [14] give elementary properties
of composition operators on /* spaces; Singh [28] provides information about
composition operators on weighted spaces LZ(A) .

Throughout this work Z, N, R, C, and T denote the sets of integers, pos-
itive integers, real numbers, complex numbers and the set of complex numbers
of modulus one, respectively. By the word operator we will mean a linear op-
erator but not necessarily a bounded operator. If T is an operator then o(7),
0,(T), 0,(T), and {T}' denote the spectrum, point spectrum, essential spec-
trum, and commutant of 7. Also, ||-| and (-,:) denote the norm and inner
product on /? and, for each n in Z, e, denotes the function on Z that is one

at n and zero otherwise. Note that {e,} is an orthonormal basis for /*.

nez

1. PRELIMINARIES

The formal definition of a weighted composition operator used in this work
is stated here:
If T is a linear operator on I* defined by

n)(fog) ifnisinY,
T =
fn) = { otherwise

for all f in /> and n in Z, where Y is a subset of Z, g: Y — Z and
u:Z — C,then T is called a weighted composition operator on /*. In this case
we will denote T by T, ., u will be called a weight function, and g will be
called a composition function. If u is identically equal to one then the notation
T, may be used for T,

If n > 0 then the nth-iterate of g is given by g(") = gogo---0g,
g composed with itself n-times. If n > 0 and k is in Z then g "(k) =
{jinZ: g"(j)=k}. In the case when g~ "(k) is a singleton, g "(k) = {/},
there will be no distinction made between j and {/}.

It will be helpful to find formulas for 7 and T:g .Let f=3,., /e, be

ug

in /7, Y beasubsetof Z, g: Y —»Z and u: Z— C. Then

= Z fg(n)u(n) n

ney

TuD= 3 >, fulke,:

n€lmage g ke€g~'(n)

and
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the sums given here are formal sums that may not converge. In the case f=¢,
for some n in Z,

T e, = { Dkeg-1m ulk)e, if nis 1.n Image g,
) 0 otherwise,
* uinje ifnisinY,

Tu en = { ( ) g(n) .
¢ 0 otherwise.

Let Y be a subset of Z and g:Y — Z be a function. For n in Z the
set [n], = {k in Z: there exist j > 0 and ¢ > 0 such that g(”(k) = g(’)(n)} is
called the orbit of g containing n. If k isin Z and g(j)(k) = k for some
Jj > 1 then the cycle of g containing k is the set C = {n in Z: g(’)(k) =n
for some ¢ > 0} ; the length of the cycle C is the least integer j > 1 such that
g(j)(k) = k. Note that if C is a cycle of g of length j and if n isin C then

() —
g (n)=n.

Let Y be a subset of Z and g: Y — Z. Define the function [g]: (Y U
Image g) — Z by

(1) [g)(n) =0 if n isin a cycle of g,

(2) [&)(ng) = 0, where n, is a fixed element of each orbit F of g not
containing a cycle,

(3) [g)(n)+1=[gl(g(n)) if n isin Y and n is not in a cycle of g.

For the purposes of this paper the choice of the integers n, is not important
since any other choice can be obtained under a reindexing of the integers. The
branch of g containing n is a maximal subset G of [n] ¢ such that n is in
G, [g] restricted to GNY is one-to-one, and n in GNY implies g(n) is in
G if n is not a cycle of g. The set of all branches of g will be denoted by
brg. We will now exploit the fact that a branch of g is linearly ordered by
the function [g]. For a branch b of g let nl(b) = inf[g](b) be the negative
length of b and let pl(b) = sup[g](b) be the positive length of b. A branch
b of g gives rise to a function from [g](b) into b, this function will also be
denoted by b and is given by b(n) = [g]_'(n) Nb for each n in [g](b).

Example 1. Let « be a weight function on N and let g and /4 be composition
functions given by g(n) =n—-1if n>1 and h(n) =n+1 if n >0 (under
a bijection from N onto Z, g and 4 can be thought of as functions on Z).
The operator T, ¢ is a weighted forward shift and T, is a weighted backward
shift. 0O

One way to visualize weighted composition operators is to use “graphs”. In
Example 1 the graph
+—>3-2-1-0

indicates the action of g on N. The graph

€y —e —e,—e;— -
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indicates the action of T, ¢ onthe basis {e,}, ... Note that an arrow denotes
one basis element being sent into a multiple of the next.

Example 2. If g: Z — Z is defined by g(n) =n+1 when n >0 and g(n) =
n+2 when n <0 then g is visualized by the graph

/!

> =55 -3 -1
The function g has two branches that may be visualized as

i 4> -250—>21—>22—>3—-..
and

> -5-5-3-5-121-2->53—.--
The operator Tg can be visualized by the graph

~~—>ez-—>el—» eo—»€_2—>~--

N

e_l_,e_B_....

where the arrows from e, imply e, is sent into a linear combination of ¢, and
e_, . The operator Tg* can be visualized by

.._>e_2__¢eo_.el_,e2_,...
e e_y e . O

Example 3. Let f(n) = (n—1)(n—2)(n-3) for nin Z, Y={(kinZ: k =
FY(i) for some j >0 and i = 1,2,3}, and g be f restricted to Y. The
graph for T, is

Tl s g 6T €

N
N

e;. O
Example 4. This example is motivated by a paper of C. C. Cowen [7]. Let D
be the unit disc in C and g: D — D be a nonconstant analytic function. If
z is a point in D then F = {b: g(k)(b) = z for some k > 0} is a countable
set. Index F by the negative integers to obtain F = {z,},_, and for k > —1
let z, = g%)(z). The function g induces g :Z — Z by g (k) = j if
8(z;)=z;. If g has a Denjoy-Wolff point g in T, g'(a)=1 and G = {f in
HZ(D): f(z,) =0 forall k in Z} then G* is a nontrivial invariant subspace
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for T; (see Cowen [7]). On G* the operator T; is similar to a weighted
composition operator T, g~ On . o

To conclude this section we point out that weighted composition operators
are related to operator weighted shifts. Let g: Z — Z, Y UImage g =Z, and
u be a nonzero weight function. For each n in Z define H, to be the closed
span of {e, :[g](k) = n}. The operator T,, maps H, into H, | for each n
in Z.

2. SPECTRUM

In this section we want to find the point spectrum, essential spectrum, and
spectrum of a weighted composition operator. We will restrict ourselves to the
case when a composition function has finitely many branches. For this case the
point spectrum, essential spectrum, and spectrum of a weighted composition
operator are found in Theorems 2.1, 2.2, and 2.3. We will need only consider
composition functions with one orbit, since an orbit induces a reducing subspace
to which the restriction of the weighted composition operator is again a weighted
composition operator. Also, we will assume that Z is equal to the orbit of
the composition function, since a weighted composition operator restricted to
the basis elements associated with integers not in an orbit of the composition
function is a zero operator.

Let Y be a subset of Z, g: Y — Z have one orbit and finitely many
branches, Z = (Imageg) U Y, and u be a nonzero weight function. The nota-
tion given here will make many of the following statements less cumbersome.
If b is abranch of g and j isin [g](b) then define

) v, = [ limaxysup (Bl —m)-u(b(i = DI f nl(b) = oo,
A ) otherwise,

;.  limys influ(b( = ) u(b( = D) if nl(b) = oo,
71 0 otherwise,

(2)

3) L= limnZl inf |u(b(j + 1))~-~u(b(j+n))|'/" if pl(b) = +o0,
0 otherwise,

@ v ] ima suplu(bl + 1) ub+ m)" A pl(b) = +oo,
0 otherwise.

The numbers U, and L, do not depend on the choice of j in [g](). The
numbers L and U do not depend on b or j in [g](b).

In Theorem 2.1 we find that the point spectrum of T, < and T; . when g
does not have a cycle, is either a disk, an annulus, or a disk union an annulus.
The particular structure of the spectrum depends on the values U,, L,, U and
L for all branches b of g. In Theorem 2.2 we find that the point spectrum of
T, - when g has a cycle, is a finite set of points and that the point spectrum
of T; < is a finite set of points union a disk. When g does not have a cycle
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the spectrum of T, ug has circular symmetry since 7, ¢ is unitarily equivalent to
Iulg (Carlson [1]).

The results obtained here were foreshadowed by the known structure of the
spectrum of a weighted shift on & (Ridge [23], Shields [25]). A weighted shift is
merely a weighted composition operator with one branch b where the spectrum
is either an annulus or a disk determined by the values U, and U . The question
answered here is ‘what happens to the spectrum when weighted shifts are pasted
together’. With the assumption that the composition operator has only a finite
number of branches the results on weighed shifts can be generalized to weighted
composition operators by analyzing the point spectrum of the operator and its
adjoint.

Theorem 2.1. Let Y be a subset of Z, g: Y — Z have one orbit, finitely many
branches, and no cycle, Z =Y Ulmage g, u be a nonzero weight function, and
T, be a bounded operator. Then

B, U (Interior of K|) C 0,(T,) CB UK,
and
B, U Interior of (K, UK;) C 0,(T,,) C B,UK,UK;,
where K, = {z in C:U, < |z| <L forall a in brg}, K, ={z in C:U <
|z| < L, forsome a in brg}, K;={z in C:|z| <L, <L, forsome a and b
in brg such that a # b}, B, is {0} if Z\Imageg is not empty and is empty

otherwise, and B, is {0} if either Z\Y is not empty or g is not one-to-one and
is empty otherwise.

Proof. Let f=3 _, f.e, bein /> and z bein C.
(T, —zDf = > Fomt(nle, — > zfe,

(2 l) neyY nez
= Z(fg(n)u(n) -zf,)e, + Z zfe,
neyY nezZ\Y
and
(T, —zDf= Y. > fk—k— =Y zfe,
n€lmageg keg~—'(n nel
(2.2)
= Z (—zfn + Z fku(k)) e, — Z zf.e,.
n€lmage g keg='(n) n€Z\ Image g

Let j = min[g](ﬂaebrg a) when g has more than one branch and let j be an
element of [g](Z) when g has only one branch.
Suppose zero is in the point spectrum of T,.: ; then thereisan f = ZneZ fe,

in /2 such that S is not zero and T, f = 0 So (2.1) implies f =0

forall n in Y. Thus, f, =0 for all m in Image g, implying Z\ Imageg is
not empty.
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If Z\Image g is not empty let n be in Z\Imageg; then T, £€n = 0. Thus,
if Z\ Image g is not empty then 0 is in the point spectrum of T, 2" Therefore 0
is in the point spectrum of T, < if and only if Z\ Image g is not empty. Hence,
B co,(T,).

Let z in C be nonzero and f =} _, fe, in I* not be zero such that
(T,g — zI)f = 0. From (2.1) we have Semu(n) —zf, =0 forall n in Y and
f,=0 forall n in Z\Y. Since z # 0, u is nonzero, and Z = ImagegUY,
f, =0 if and only if fg(n) =0 forall n in Y. So, either f, =0 for all n in
Z or f, #0 forall n in Z. Hence, Z\Y is empty since f is nonzero. So,
pl(a) = +oo for all a in brg. Recall that for a branch a of g we denote an
element of a by a(n) for some n in Z, so for each branch a of g we have
j;(n+l)u(n) —Zfyn = 0 for n in [g](a). Now, for a in brg and m > nl(a),
if 0 <n then

Srmemeny = 2" (w(@(m)) - u(a(n + m)) ™ £, #0,

and if nl(a) < m —n < m then

Soomm =2 u(a(m —n))---u(a(m - 1))f,,. #0.

For a in brg and m > nl(a) the sequences

{z" (u(a(m)) - u(a(n + m))™'},5,
and
(/" u@(i) - u(@(m =1}y <met

are square summable. Thus, the nonzero elements of the point spectrum of T, <
are contained in K .

Let z be in interior of K, and z # 0. If Z\Y is not empty then L =0
and Interior of K| is empty. Thus, Z\Y is empty and pl(a) = +oo for each
a in brg. We wish to find f in /* such that (T,,—zDf =0. Let f =
Yz fre, where f, =1 for [gl(n)=j, f, = u(n)---u(g’=""Vn)z""’ for
m=[gl(n) < j,and [, = (u(g"7"(@)---u(i))™' 2" for [](i) = j and
m = [g](n) > j. Clearly, f # 0. For n in Z such that [g](n) = m, if a is
a branch containing »n then g(’)(n) =a(m+1t) for t > 0. Thus, for n in Z
and n contained in the branch a, if m =[g](n) < j then

f,=2""ua(m)) --ua(j - 1)),

and if m = [g](n) > j then f, = z"7’(u(a(j)) --u(a(m —1)))"". The se-
quence {f,},c, is square summable since g has finitely many branches and z
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isin K, . Hence f isin *. Now

(Tg = 2D = D (fym(n) = 2f)e,

neyY

= Z (u(n)u(g(n))...u(g(f""—l)(n))zm—jﬂ
m:[g'i(en));j—l

Il

- zu(n)---u(g”"" " V(n)z")

+ Z (u(n)—Zu(n)z-l)+(u(i)(u(i))—l
M=[g']'(€n)),=j—1
+ Z (u(i)...u(g('"_f)(i)))‘lu(g(m—j)(i))zm+j+l

neYy
m=[g](n)>)

z—2)

. —j=1), =1 _m—j
= z(u(i) - w(g" T ) ")
=0,
where [g](i) = j. Thus, f is an eigenvector for Tug with eigenvalue z. The
set Interior of K| is contained in the point spectrum of T, ¢

Suppose that zero is in the point spectrum of Tu* - Thereisan f =3 , f.e,
in 1> such that f # 0 and T,/ = 0. By (2.2) ¥ycpm1(m fii(k) = 0 for all
n in Imageg. If g is one-to-one and Z =Y then f u(k) =0 forall k in
Z =Y . Thus, g is not one-to-one or Z\Y is not empty.

Suppose g is not one-to-one. There are k, and k, in Y such that k #k,
and g(k,) = g(k,). The function f = u(k,)e, —u(k,)e, isin I* and T;gfz
0.

Suppose Z\Y is not empty. There is an n in Z such that n isnotin Y.
Now T, gn = 0 and zero is in the point spectrum of T, " Thus, B, C ap(Tu g).

Let z in C be nonzero and f in I* be such that f#0 and (T:g—zl)fz 0.
By (2.2), zf, - Ekeg”(,’)fku(k) =0 for all n in Imageg and zf, = 0 for
all n in Z\Image g. Either there is a branch a of g and K > 0 such that
nl(a) = —o0, pl(a) = +oo,

Jonery = 2 (a(=n=K)) - ul@(=K = 1)) ' f, _y, #0

and

Somery =2 u(a(K))---ula(n + K =D)f, 4 #0
for all n > K or there are two distinct branches a and b of g and K > 0
such that nl(a) = —oo, nl(b) = —o00,

0# fy g, =2 (@a(-n-K)-u@-K-1))"f, >

and

0# fy i, =2"wb(=n—K) - ub(~K = D))" f, g,
forall n > 0.
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So, either there is a branch a such that pl(a) = +o0, nl(a) = —oo, and
{z7"u(a(j)) -+ u(a(n+j-1))},5, and {" @a(=n+ 1)) u@-1+ 7)) "'},s,
are square summable or there are two distinct branches a and b such that
nl(a) = —oo, nl(b) = —oco, and

{z"u(a(=n+ ) u@=T+ )" }ps,

and

(2" @) un+ ] —D) s,
are square summable. Thus, z is contained in K, UK.
Let z be in Interior of K, (note that z # 0). There is a branch a of g such
that U < |z| < L,. We will now find an f in I* such that (T}, — zI)f = 0.
Define f =3, 7 fon€an) » Where

fun =15 ey =2 "W@0) - Wan =1 fornz1,

and
Sujom = 2@ =) --u(a(j— 1)) forn> 1.

Clearly, f#0 and f isin I* . Furthermore,
(Tyg = 2D f =Y (=2 Ly + Fyory(@(n = 1)))e,,, = 0.

nezZ

Thus, f is an eigenvector of T;g for the eigenvalue z.
Let z be in Interior of K, such that z # 0. There are two distinct branches
a and b of g suchthat z< L, < L,. Define f = ZnSl j;(n)ea(n) +fb(")eb(n)

where 1+ i = min[g](anb), fa(l.) = u(b(i)), fb(i) = —u(a(i)), and fa(,._n) =

u(b()z" (u(a(i = n))---u(a(i = 1)))~" for n>1. The function f is in 2, f
is not zero, and (T, . —2z[)f = 0. Thus, f is an eigenvector of T, ., for the
eigenvalue z. 0O

Theorem 2.2. Let g: Z — Z have one orbit, finitely many branches, and exactly
one cycle C of length c, let u be a nonzero weight function, and let T, ¢ be a

bounded operator. Then BUK, C ap(Tug) CK,UB and K,U{0} C ap(T;g) C
K, U {0}, where K, = {z in C:z" = u(n)---u(g“ " (n)) for n in C and
|z| > U, forall a inbrg}, K,={z in C: z* = u(n)~~-u(g(c_”(n)) for n in
C and |z| > U, forall a in brg}, K;,={z€C: 2z = u(n) - u(g“ "(n))
Jor nin C or |z| < L, < L, for some a and b in brg such that a # b},
K,={z in C:z = u(n)..‘u(g“_”(n)) Jor nin C or |z| <L, <L, for
some a and b in brg such that a # b}, and B is {0} when Z\Image g is
not empty or B is empty otherwise.

Proof. If f=3%,., /e, isin I and z isin C then the formulas (2.1) and
(2.2) still hold.
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Suppose f =} ., f.e, in I* is not zero and T,/ =0.By @21, f #
0 for some n in Z\Imageg. Thus, if zero is an eigenvalue for T, < then
Z\ Image g is not empty.

Suppose there is an 7 in Z\ Image g. Then T, g€n = 0. Thus, if Z\ Image g
is not empty then zero is an eigenvalue of T, . Therefore zero is in the point
spectrum of T, < if and only if Z\ Image g is not empty.

Suppose z in C is not zero and f = >onez Jne, 10 I? is not zero such that
(T, —z1)f =0. From (2.1) we have f, u(n)—zf, =0 forall n in Y and
S, =0 forall n notin Y. So

k

Sy = 2 (u(n) - u(g* )7,

for n in C and kK >1 and
ey = 2 uta(=k)) - u(a(=1)) £,

for all branches a of g and 1 < k < |nl(a)|. Hence, z° = u(n)---u(g"“ "(n))
for n in C and the sequence {z_ku(a(—k))-~~u(a(—l)) Ln:l(la)l is square sum-
mable for each a in brg. Thus, 0,(T,,)CBUK,.

Now suppose z is in K, and z is not zero. Fix n in C. It is our
task to find f in /* such that (T,, — zI)f = 0. Let f, = 1, Lo =
Huny---ug* V) for 1 < k < c-1,and f, = z Fu(m).-
u(g(k)(m))fgm,,(m) for m in Z where [g](m) = —k—1. Define 3, _, f,.e,, =
S . Since g has finitely many branches and z is in K,\{0}, f isin I*. Now

(Tg = 2D = D (fym¥(m) = 21,)e,, = 0.

mez

Thus, f is an eigenvector of T, ¢ for the eigenvalue z. Hence, K, C 0,(T,,).
There is a branch b of g such that nl(b) = —oo, since g has only one orbit
and finitely many branches. If

£ =u(@Ib(0)e, ) — ulb(~1)egen 0
then T, ./ =0. Thus, 0 is in the point spectrum of T .-

Let z in C be nonzeroand f =3} _, f.e, in I* be such that f#0 and
(T:g —zI)f =0. From (2.2) we have zf, — Zkeg_](n)fku(k) =0 forall n in
Imageg and f, = 0 for all n not in Image g. Either there are two distinct
branches a and b of g and K > 0 such that nl(a) = —oco, nl(b) = —oc0,

iy = 2 (uia(=k)) - u(@a(=K = )™ £, g, #0
and

Syt = 2 b(=K)) - u(b(=K = 1)) fy _g) #0
forall kK > K or

Sy =2 u(m) -+ u(g* " (n)) £, #0
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for all n in C and k > 0. Thus, either z° = u(n)---u(g“ " (n)) for n in
C or for two distinct branches a and b of g such that nl(a) = —oco, nl(b) =
—o0 {z"(u(a(=1))- - u(a(=k)) "'}, and {Z@ub(=1)) - u(b(=k)) "},
are square summable. Hence, z isin K, .

Let z bein K; and z #0. If 2 =u(n)---u(g“"Y(n)) for n in C then
fix n in C and let

k—— TS
f= > zum-u@“n)e g
0<k<c—1
if |z| <L L, for two distinct, intersecting branches a and b of g such
that nl(a) = —oo and nl(b) = —oo. Then let

h=3" ubli— 1)z ula(=k) - u@(i-2)) e, _,,

k>|i]
= 3 u(ali= )z @®B(k) - ubi - 2)) 'ey_y)
k>|i|
where / = min[g](anbd). If |z| < L, < L, for two nonintersecting branches a
and b of g such that nl(a) = —co, nl(b) = —o0, and b(0) = g"”(a(0)) then
let

p=3 u(g" (@) (u(b(~k)) - u(b(-2))) e

k>0

- 3 ub(=1)z"" (e (@(0)) - u(g" P (a(0))) ' e 0

0<k<t-1

= > u(b(-1)z" (u(a(=k))) - u(a(0)) - u(g" " (@(0))) e, _y,-
k>0
The function f is in I* since S/ is a finite linear combination of basis ele-
ments. The functions # and p are in /° since |z| < L, < L, . Furthermore,
(T -zDf =0, (T —zI)h =0, and ( — zI)p = 0 Hence, z is in the
pomt spectrum of T O

Let Y be a subset of Z, g: Y — Z have finitely many branches and only
one orbit, Z = YUImage g, and u be a nonzero weight function. The operator
T, ¢ is a finite rank perturbation of a finite direct sum of shift operators. We
will make this more precise. There is an i in Z such that if i isin [g]b for
some branch b of g then nl(b) = —co and min[g](anb) > i for any other
branch a of g. Thereisa j in Z such that [g]"(n) contains at most one
element for n > j.

Let N be the span of {e,:i<[gl(n)<j} and F =(T ug restricted to N).
Clearly, F has finite rank. Let We, = u(g (n)) = 1(n 1f [gl(n) > j. For
each a in brg such that nl(a) = —oco let We k) = u(a(k D)y if k<i.
The spectra of W, and W are well-studied sets (see Shields [25]). The operator
(T,,— F)is equal to Weo (@aebrg,m(a):_oo W,). The following theorem is a
consequence of standard results on spectra of compact perturbations.
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Theorem 2.3. Let Y, g, u, W, and W, for a in brg be as above. Suppose

T, isa bounded operator. Then
(1) ac(Tug) = ae(W) U (Uaebrg,nl(a)=—oo Ge(l/l/cz)) ’

(2) a(T,,) = 0,(T,,)U ap(T;g) uo,(T,,)-

Example 5. Let g: Z — Z by
n+1 ifn>-1,
g(")z{n+2 ifn<-1,
and let u: Z — C by

1 if n< —1and n =2k for some k in Z,

u(n)=< 2 ifn<—-1land n=2k -1 forsomek in Z,
3 ifn>-1.
The function g has two branches, ¢, ={..., -4,-2,0,1,2,...} and a, =
{...,=-3,-1,0,1,2,...}. The compact operator F is given by
u(=2)e_, +u(-le_, ifn=0,
Fe,= 4 u(n-2e,_, ifn=-1,-2,
0 otherwise.
Also,
We,=u(n-1)e, , forn>1,
w,e,=un-2e, , forn < -2

and n = 2k for some k in Z, and
W, e,=un-2e,_, forn < -1
and n =2k -1 forsome k in Z. Now

0,(T,)={zinC:2<|z| <3}, o,(T,)={zinC:|z| <1},
o,(W)={zinC:|z| =3}, o, (W,)={zinC:|z[=1},

o,(W,)={zmC: |z| = 2}.

e

Thus,
o(T,,)={zmnC: [z]<1}U{zinC:2<|z|<3}. O

We have seen that the structure of the spectrum of a weighted composition
operator on I* is the type of structure we would get by taking direct sums of
weighted shifts. Thus, from the perspective of weighted shifts the results given
are not surprising. If we change our perspective and recall Example 4 of §1
and the paper of Cowen [7] then the results seem to be more unexpected. In
Example 4, for a weighted composition operator Tg on H? of the unit disk

there is an associated weighted composition operator 7, g~ On I*. Cowen (7]
gives some results where T, o~ is a weighted shift whose spectrum can be an
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annulus but the spectrum of Tg is a disk. A natural question to ask is: Can we
obtain results about the spectrum of Tg knowing the spectrum of 7, o~ ? More

particular, are there composition operators on H? of the disk whose spectra
are the disjoint union of a disk and an annulus?

The hypothesis that the composition function g has finitely many branches
was more than a minor assumption in this section. The results would be different
if we were to assume g has infinitely many branches. Shields [25] makes note
of an example of an operator with spectrum the unit disk, but the operator is
the countably infinite direct sum of weighted shifts all of whose spectra are a
single point. One of the difficulties in assuming g has infinitely many branches
is that the operator F needed to make 7, —Fa direct sum of weighted shifts
may no longer be compact. Another difficulty would be in calculating the point
spectrum of T, ¢ where the limits involved could move from branch to branch
without progressing toward the end of any branch. The structure of o(T, g) is
not clear when g has infinitely many branches.

3. COMMUTANT

We wish to characterize the commutant of a weighted composition operator
T, g Oon />, In order to obtain the results given here it is necessary to make
some nontrivial restrictions on the composition function g . These restrictions
are: g is defined on all of Z, g has exactly one orbit, g does not have a cycle,

and all branches of g have the same negative length.

Consider Hilbert spaces of the form Lz(Z, u), where u is a measure whose
sigma-algebra is the power set of Z. If u is counting measure (u{n} = 1
for all n in Z) then P = LZ(Z, u). We are introducing weighted spaces
LZ(Z , 1) because an operator T, g On P s unitarily equivalent to an operator
T, on some weighted space LZ(Z , i) . The computations are much easier when
working with T, on L? (Z,u), hence, we will find the commutant of T, on
L2(Z,,u) instead of the commutant of Tug on I*. The subscript 4 may be
used to reference the space L’ (Z,u), for example, || - ||ﬂ will denote the norm
on LZ(Z,,u).

Let x4 be a measure with sigma-algebra the power set of Z. Then {e,}nez
is an orthogonal basis for LZ(Z ,u),but {e,} _, isnot necessarily normalized
since |le, |} = u(n) for n in Z. For f=3,., /e, I/} = e S, uln).
If A is alinear operator on L2(Z, #) then the matrix for A4 relative to {e,},.,
is given by (Aij)i,jel’ where ;t(i)AU. = (Aej,ei)# for i and j in Z. Weighted
composition operators on a weighted space LZ(Z,u) are defined exactly as

they were for the unweighted space 1. The adjoint of a weighted composition
operator T, g On LZ(Z, u) does vary from the I case; we present the formula
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for T; actingon e,, n€Z:

u(g(n)) = g(n)

" L for n in the domain of g,
e =
0 otherwise.

Proposition 3.1. Let Y be a subset of Z, g: Y — Z have one orbit and no
cycle, Z = (Y Ulmageg), and u: Z — R be a positive weight function. The

operator T, g On I s unitarily equivalent to an operator Tg on L2(Z,/1) for
some measure .

Proof. Define the measure x4 by u(0) =1 and
2

u(n) = [u(©0) - u(g" = O)u(n) - u(g“ 1717,
where g(k)(n) = ¢"(0) for some k>0 and t>0. Let U: P’ - L?‘(Z,u) by
Uf:,u_l/zf for f in I*. For f in 7,

WA = [P du= [ 1P =P
If f isin > and h is in L2(Z,,u) then
sk, = w sy, = [ hdu
= [ 7 har =y = 0,

Thus, |[U| =1 and U* = U~ implying U is unitary. Let f bein /* and n
be in Z. Then
U'T,Uf(n) ‘”f)

uog) (fog)(n) fornin?,
0 otherwise,

U'r
{ I/2(’1) (uog) l/Z(n)(fo g)(n) forninY,

O otherw1se

(r— I] ) .
(e .)[0“))[,4:’) Mo W (fog)(n) forninY,

whereg ( )=g (0) for some k > 0and ¢ >0,
0 otherwxse
u(n)(fog)n) forniny,
N { 0 otherwise,
=T, f(n)

Hence, T, on L*(Z,u) is unitarily equivalent to T,, on ’. o

Some of the material that follows requires us to look at operators that may
not be bounded. In order to handle unboundedness we introduce the subspace
N(Z,u) of LZ(Z, u) consisting of all finite linear combinations of the basis
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elements {e,}, ., . If the composition function has a finite number of branches
then a weighted composition operator and its adjoint both map N(Z,u) into
N(Z,u). Every operator on L2(Z, 4) has a natural restriction to an operator
from N(Z,u) into LZ(Z,u) and every bounded operator on N(Z,u) has a
unique extension to an operator on LZ(Z, u).

The following proposition will be used repeatedly during the rest of this
exposition. It is also a generalization of Proposition 5 from [25].

Proposition 3.2. Let u be a positive measure on Z with sigma-algebra the power
setof Z and let g: Z — Z be a function. Furthermore, let A be an operator
Srom N(Z,pu) into N(Z,u). The equation ATe, =T, Ae, holds for all n in
Z ifandonly if forall j and n in Z,

A _ ZkEg—l(")Ajk if n is in Image g,
8ULm 0 otherwise.
Proof. Let n bein Z. Then

T Ae, =T, (Z Am,nem> = ZAg(j) n€j

mezl JEL
and
AT e = A (Ekeg_,(n)ek) if n is in Image g,
£" 1 0 otherwise,
_ { 2jez Lokeg-1(m 4jx€; if n is in Image g,
0 otherwise.
Thus, TgAe” = ATgen for n in Z if and only if, for all j and n in Z,

y { 2keg-1(n) A if nisin Image g,
gUIn 1 0 otherwise. O

One case where the commutant of a weighted composition operator is well
known is for weighted shifts. If Tg is a unilateral shift on a weighted space

L’ Z,u) then T, is unitarily equivalent to multiplication by z on a weighted
g

H? space of the unit disc denoted H> (). The commutant of multiplication
by z on HZ(B) is the set of operators that are multiplication by some /4 in
H?(B) where hf isin H*(B) forall f in H*(8) (Shields [25]). A weighted
composition operator in general is not multiplication by z on some space.
Thus, we cannot hope for the same type of characterization of the commutant
of a weighted composition operator that is not a shift. Every 4 in HZ( B) is
a formal power series in z and so commutes with z. We will pursue this
idea and try to characterize the commutant of Tg on LZ(Z, u) as the set of
operators 7, where A commutes with g.

In Proposition 3.3 we show that to determine the structure of an operator
A in the commutant of T, on L2(Z, u) it is sufficient to determine the struc-
ture of one diagonal of finite dimensional submatrices for the matrix of A.
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Theorem 3.4 treats the case when only one of the submatrices of the diagonal
of A determined in Proposition 3.3 is nonzero. The results of Theorem 3.4
are extended in Theorem 3.5 where all operators in the commutant of Tg are
characterized.

Let g: Z — Z have one orbit, no cycle and finitely many branches, and let
U be a positive measure on Z. Define F[g] = sup{n: g—l(k) contains at most
one element for all k such that [g](k) < n}. For m in Z and b a branch of
g define S% = span{e,: [g](n) = m} and

_{ max(F[g]+m,nlb) ifm<O0,
b7\ max(F[g], nlb) if m>0.

Proposition 3.3. Let A and B be operators on N(Z,u) with matrices (A, i ez
and (B,); jez- Let 8:Z — Z have more than one branch, finitely many
branches, no cycles and one orbit. Furthermore, suppose that TgAen = ATgen
and T Be, = BT e, forall n e Z. Then A,; =B, forall i and j in Z if
and only ifAb(mb),ﬂ(mb_m) = By, pimy—m) forall m in Z and b, B €brg
such that nlg < m, —m.

Proof. 1t is clear that A, =B; forall i and j in Z implies Apmp) Bimy—m) =
Bb(m,,),ﬂ(m,,—m) forall m in Z and b and B in brg such that nlf <m,—m.

Conversely, let i and j be in Z. Choose s = [g](i), t =[g](J) and m =
s—t.If i =b(s) and s = m, for some b in brg then j = B() = f(m, —m)
for some B in brg and A,=B,;.

Suppose i = b(s) and s < m, for some b in brg. Now m, — (s — 1) =
m, —m < F[g] and, by Proposition 3.2, Bh(s+x),/3(l+x) = Bh(s+x+l),/1(t+x+l) for
al 0<x<m,—s—1and h, B in brg such that h(s + x) and B(¢+ x)
exist. Thus

B, =B

bis).p) = B

b(s+(mp—s—1)+1),Bt+(mp—s—1)+1) — Bb(m,,),ﬂ(m,,—m)

where j = B(t) for some S.

Finally, suppose s > m, forall b in brg such that i = b(s). If b and B
are in brg such that i =b(s), j = B(¢) and nl g < m, —m then

\

B

bls—(s—mp)) Bli—(s—mp)) = B

b(my) ,f(mp—m)*

If b and B arein brg suchthat i =b(s), j = B(¢) and nl g > m, —m then

B

bls—(i—nl B)) Bli—(1—ni ) = B

b(s—t+nl B),B(nl B) =0

by Proposition 3.2.
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Now let b and S be in brg such that i = b(s) and j = (), let 0<x <
s—m, and let nl B <t~ x. Then, by Proposition 3.2,

By ) p—x) = Z By x1yy
yeg=(B(1—x))

1
- x g
b(s—x—1),h(1—x—1)
hebrg Hh J—x—1

h(t—s)=B(t—x)
nlh<t—x-—1
(where H, ,_ _, = cardinality{a in brg:a(t—x —1)=h(t—x—-1)})
1
= Z —B
b(my) ,B(my—m) >
pebrg Mﬂ e e
B)=j
nl f<my—m
t—x—1
where b is in br g with b(s) = i and M, = H Hy .
i=mb—m

We will now characterize those operators 4 that commute with Tg. The
first result, Theorem 3.4, addresses the case when A is an operator weighted
shift acting on the subspaces an. Theorem 3.4 characterizes 4 as a linear
combination of operators 7, where x commutes with g. The second result,
Theorem 3.5, extends the result of Theorem 3.4 to all operators that commute
with Tg.

Theorem 3.4. Let g: Z — Z have one orbit, no cycle, more than one branch, and
only a finite number of branches. In addition, assume there isa K in ZU{—o0}
such that nlb = K for all b in brg. On the space LZ(Z,u), if A isin the
commutant of T, and there is an m in Z such that A(S;) C (S;,,,) for all
p in Z then A restricted to N(Z,u) is in the span of M = {Ty: X o g =
goX,X:Z—-127}.

Proof. Let brg ={b,,...,b,}, J={1,...,n}, m be a fixed integer and A4
be in the commutant of 7, such that A(S]) € (S},,,) forall p in Z. The
matrix for 4 with respect to {e,} will be denoted (4,)); ;7 -

Since all branches of g have the same negative length there is a fixed integer
P =m, forall b in brg. We need to show that the matrix for 4 is in the
span of M . By Proposition 3.3, we need to show there is a matrix (B, j) i jez
in the span of M with App) pp—m) = Bb(P),ﬂ(P—m) forall b, f in brg such
that nl 8 < P—m, since it is clear that 4, B = 0 forall b, B in brg and
s, tin Z such that s —t # m. Foreach kK in Z and p in J define Sk =
{s in J: inf[gl(b;Nd,) < F[gl + k}.

Note that if kK <0 then

@ if F[g]-K < -k,
ok = { {p} if Flg]-K >k,
where K =nlb forall b in brg.
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We divide the proof into cases depending on the values of m and K.

Case 1. The value K is finite and the integer m is strictly positive. By Propo-
sition 3.2 we have

0= Ab(nlﬂ+m),/?(nlﬂ)

forall b and B in brg such that n1f < P—m. Thus, 4 =0 and 4 isin
the span of M .

Case 2. The integer m is less than or equal to zero, or K is infinite and m is
positive. In this case nlf < P—m for all b and # in brg and the set of
entries Ay can be index by J x J. For each (s,¢) in J x J define
A Z— Z by

=4, b(nl B+m+1),B(nl B+1) = Ab(P) B(P—m)

B(P—m)

b.(x —m) if y#s where p= [min[g](by nby)l - Flgl
lsl(by(x)) = and z =ming, .,
b(x-m) ify=s,
for y in J and x in Z. The following two lemmas show that T, isin M
forall (s,¢) in JxJ.
Lemma 1. For each (s,t) in J x J the function A is well defined.
Proof. Suppose (s, t) isin JxJ, y isin J, y, isin J and x isin Z
such that b, (x) = y (x). We need to show that 4 (b, (x)) = 4 (b L(x)). Let
[mﬂﬂgkb Nb)1-Flgl, L, =[min[g](b, nb)] FTg] z, =ming, ; _,.
and zz—mm(;,L Ifx<L + F[g] and x<L + Flg] then
b:( L+ F[g]) = b, (L, +F[g]) = b, (L, + F[g))
and
b(L,+Flgl) =b, (L, + Flg]) = b, (L, + Flg])
so L, + F[gl>L,+ F[g] and L + F[g] < L, +[g] implying L, =L, and
zZ,=12,; thus,
/lsl(byI (x)) = b_ (x —m) = b, (x —m) = /Ist(byz(x)).

Ifx>L + F[g] or x > L, + F[g] then b (x )—b(x)_b (x) so x >
+F[g] and x > L, +F[g] implying x — m>L —m+ F[g] and X—-m>
L —m+ F[g]; thus, z, and z, arein ¢, and

Ag(b, (x)) =b_ (x =m) =b_(x —m)=Ay(b, (x)).
Lemma 2. For each (s,t) in JxJ A og=golg.
Proof. Let k bein Z; then k = b,(x) for some y in J and x in Z. Now
Ao glk) = A4(g(b.(x))) = A,(b.(x + 1)) =b.(x + 1 —m)
= g(b.(x —m)) = g(Ay(b,(x))) = g0 A (k),
where z =ming, , . and p= [min[g](b), nb)) - Flgl.
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In view of Lemmas 1 and 2 we need only show A is a linear combination of
operators of the form Tisl where (s,?) isin JxJ. To accomplish this, partition
J into the subsets O, = {r in J: ¢ # ming,‘_erk_l and ¢t = minct,_m+k}
for k, <k <k,, where k, = max(0,m), k, = max(h,h + m) where h =
mm{q in Z:[g)(q) =[g](r ) implies g =r}; O ={t in J: 1= mingt,_m#{z}

and O, _, =d. Let B, |, =4 and, for k, <k <k,, let
1 1
B, =B, _, - Z (Bk—l)b,(P),b,(P—m)TAsl'
thk
S=min¢; 4

We now need to show that Bk2 is the zero operator; then A will clearly be in
the span of M . By virtue of Proposition 3.3, this amounts to showing that
(Bkz)b:“,)_bi(,,_m) =0 forall (s,¢) in JxJ.

We proceed inductively. Our inductive hypothesis is

k
(Bk)b(,, Pm =0 ifged and re U 0.
Ik|—]

The induction hypothesis is trivially true for k = k, — 1 since U, K, —| O, is the
empty set.

Now suppose that for some k, where k, — 1 <k <k,, (Bk)bq(P) bo(P—m) =

when g€ J and r € Uf k-1 O;- We will demonstrate that (B

0 when ¢ €J and reUerk']_,

If £ in J such that = ming, _, ..., s in J such that s = ming¢_, , and
q in ¢, then using Proposition 3.2 and the inductive hypothesis we see that

k+l)b,,(P),b,(P—m) =

(B)by(py bu(p=my = (Bidp,(py byp—my + 0
= (Bi)p,(p) bu(p—m T Z (B)b, () by(P—m)

’GCI‘—m+k+l
r#t

= Z (Bk)bq(P),b,(P—m)= Z (Bk)bq(P+1),b,(P—m+l)

FEC —mik+1 FEC —mek+1

= .= Z (Bi) by (FLg1+m) bi(Fle)

FEC —mk+1

= Z (Bk)bq(F[g]+m+l),b,(F[g]+l)

FEC —mik+1
r=ming,

= Z (Bk)bq(F[g]+m+2),br(F[g]"‘z)
FrEC —mik+1
r=ming, >

= (Bk)bq(F[g]+k+l),b,(F[g]—m+k+l)

sn'\ce t=ming _ ., ..
ming¢ ., 4 and x in ¢

Hence, (B\)y. p) b,p-m) = (Bids,(p) bi(p—my fOT 8 =

, and ¢ in O,

s k+ k+1°
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Let g, r, s, teJ and y=min[g](bqr1bs)—F[g]. Then

(Tls.)bq(P) b (P—m)

Thus,

If re Uf‘(zk.—l

If reo,,

1
u(d, 2B )\ aCetp—m) > Coyip))
1 «

(b (P)) <eb (P—m)> Tis.ebq(i’))
1

W(%f(” my > Ciglby(P)

\:

_b—< by(P—m) > €b(p—m)) 4=,

s (}, (€, p—my>€o.p—my) if @#S, where z=min¢, .
0 ifg=sandr#t¢,

1 ifg=sandr=1¢,

0 1fq;ésandr;ém1n§,y m>

1 1fq;£sandr_m1n§ly m-

(Bi)b, ey butp—m) T3y p) by p—m)
(B )b, p) bup—my i (q,r)=(s,t)orq#s
= and r = ming, bm

0 otherwise.
O, then r #¢ and r # ming,’y_m ,since t€ 0, . So

(Bk)b:(P) .bz(P—m)(Tls.)bq(P) b (P—m) = 0.
then

(Bk)b,(P),b, P— m( ls.)bq P).,b,(P—m)

(
(Bk)bq(P)’b’(P_m) ifr=tandgq=s,

= (Bk)bx(P),b,(P—m) 1fr=t,s=mm§q,k+l #q,
0 otherwise,

_ (Bk)bq(,,) b (P—m) if r=tands=ming , ,,
0 otherwise.

Let r be in Uf=k.—l O, and ¢ be in J. Then

B, -

> Bsweysr-mT, = (Bi)o,p) by (p—my — 0

leok+l
s=ming; 44 be(P) b (P—m)
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TABLE 1
Spaces e s¢, s¢, s¢, S§ S§
Basis
e, e_s e_, e, e, e, € e,
Elements
s% €4 Ay g A_qos | Algg gy | Alsy Ay | Ay | A4
-2 € 3 A3 A 35 | Az g A3 3 | A4, | Ay | Ay
s% €2 A A g s | Ao g Ay 3 | A A, | Ay | 4,
-! €y Ao A s | A g Ay | A Al | AL | 4],
g
So ) Ag_g Ao_s Ag_q Ao_3 Ag_y Ay, A | Ao
g
S € A Aj_s A4 4 A4, A Ay

by the induction hypothesis. Let r bein O, , and g bein J. Then

Bi— Y Buwsir—m T

’§0k+l
s=ming 1 by(P) b,(P—m)
= (Bk)bq(l’) b (P—m) — Z (Bk)b:(P) b (P—m)
5=mit;éq.k+l

= (Bk)bq(P) be(P—m) — (Bk)b,,(P) b(P—m) = 0.
Hence,

(Bt )bq(P) br(P—m)

=|B, - E (Bk)b,(P),b,(P—m)Tls' =0
t€0k+l

s=min§', K+l bq (P) ,b,(P—m)
if r isin Uff,:l_l O, and ¢ isin J. Therefore (Bkz)b,,( P) by (P—m) = 0 forall ¢
and r in J. O

The results of Theorem 3.4 can be extended to all operators in the commutant
of T, . Denote the set of bounded operators on L2(Z , ) by B(LZ(Z , 1)) . For

A in B(L*(Z,u)) with matrix (4;,); ez and m in Z define D(4,m) on
L2(Z, u) to be the operator with matrix (D(4,m); ;); jcz 8iven by
' A, if [g]() = []() + m,

DA,m). =
( )"’ { 0  otherwise.
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TABLE 2
Spaces e S8, S8, St Ss | S¢
Basis

e o e_ e_, e_, e, e_, e, e,

Elements
S8 €_4 A_y_6A_4_s 00 00 |0 0
-2 €_3 A3 oA 5 00 00 |0 0
Sg 6_2 00 A_2_4 A_2_3 0 0 0 0
-1 e—l 00 A_|_4.A_1_3 00 0 0
Sg €, 00 00 Ay, Ag_, | O 0
S,g e 00 00 00 Ay | O

The operators D(A,m) are in B(L2 (Z,un)) and A is the weak operator limit
of A, =3 __ D(A,m) as n goesto cc.
Example 6. Let g: Z — Z be the function that has the graph:

i =3 —1

N

01—

/
e —4— =)
Without loss of generality, let [g](0) = 0. Then Sf; = span{e_,, ,€_,,.. 1

when m < 0 and an = span{e, } and m > 0. Suppose that 4 is an operator
that commutes with Tg . Table 1 illustrates the matrix for 4 indexed in relation

to the spaces Sf; and also to the basis elements e, .
An operator D(A,m) is an operator that has zero entries except for one
matrix diagonal (indexed by the spaces S;). Table 2 illustrates D(4,1). Note

that
(A-z,-4 A-z,-s)
A_, —4 A_, —3
are the matrix entries in Proposition 3.3.

Theorem 3.5. Let g: Z — Z have one orbit, no cycle, more than one branch, and
only a finite number of branches. In addition assume there is K in Z U {—oo}
such that nlb =k forall b in brg. Then in the space LZ(Z,,u),

(T} = [B(L*Z,p))Nspan{T,: Xog=goX,X: Z—Z}].
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Proof. Let A be in {T,}' and m be in Z. The operator D(4,m) satis-
fies Proposition 3.2 and therefore D(A,m) is in {Tg}' . Theorem 3.4 implies
D(A,m) is in the span of {7,: Xog = go X,X:Z — Z}. Hence, for any
positive integer n, A, isin the span of {7, : Xog = go X ,X:Z — Z}.
Conversely, it is clear that B(LZ(Z,u)) Nspan{T,: Xog=go X ,X:Z—Z}
is contained in {7,}'. O

Theorem 3.5 leaves us with some unanswered questions. Is it possible to
choose functions that commute with T, in such a way that the commutant of
Tg is the weak closure of the span of {7 : Xog = goX and T, is bounded}
or maybe even that the commutant of T, is the span of {7, : Xog=goX
and T, is bounded}? What should the conclusion of Theorem 3.5 be if the
branches of g are allowed to have different negative lengths? In this case the
functions 4, constructed in Theorem 3.4 may not commute with g, so that
an easy modification of Theorem 3.4 is not possible.
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